MATH 2010B Mvanced Calewlus I, Lecture Noteg Week 7

MaY'('l.H L ’.

Lost time voe cos *?(X,VA) , Fx g ,2)

98 of v
5%( ' _'D_.Va (0 'F\( ' 'Fta)
5& 53 of 2%

T agon oM (F. fxg Age Sy )

Mixed Devivatives Thwm: £ ¢ Cz ( exist ond coutmud us )

= \’S:xva = 'Fv):\

Owve couviey example ?-F £ s net cts afkor e domvetives

Comsider XY (x*-9 )
Zan (X,
fxoy) = Ll i 9% (o00)
o W (Xy) = (0,0)

(E,_)f "; is <ts at (0,0) )

CM '?X\a (0,0) Y '.F:’x (010) =) ’S:¢ Cz

'9‘(%(.0.0> = (‘Fx)'a(oc())

5° Ve [Vim fi(ol k)‘fx 1,0 ) > ’Gx(o,k) - ?
DD k=0 k o .
Fov %o, .
£<©,4) -Q_(‘(V‘H"'(“>\
X \VYe 2X XxtY (0,(3)
(x1+‘/ai) [\g(x"-ﬁ) +2% (1x)]- XY <x‘-«3‘) .(2,0{
(a; (X +Yy) )

]
gl
£
i\
|
os



Fov Yy=0,

i ! ) ~ (0(0)
 p— ‘ wn ( 0/
§< Q°,O) . \ f 1,0 f

\vw, D“O - 5
= hso I3 =

TM Suvv«a.va ’ ‘kao(tg) = -y \ ‘a

' - 4x (o,
’f"‘ﬁ (0,0) = d:: Ax (o) \f 0,0)

= \iw -k -0 _ l
ke~ o k

Fov +he vight hond side |

_FU" (0,0) = ('c‘ﬁ')x (0,0)

o= (Tm 'F\a.(\q 0) --fy (o,0)
o°” h=0 "I

Fov X%X%0,
9 X (x-Y)
‘S; (Xlo) = ———( < - )\
J 3\3. ® tY %o )
(xlﬂ'_\”)[(x)(xi{)-r...] @ - - \
P S
K\(nf‘() ) 7
g
= X
S
Fov X=0

Fyls0) = [im fo k) -fo0)
k=o k

ke k = 0
-:3 ‘?‘3(')(‘0) = Xy \VLX
‘F‘ox W,o) = lm ‘F‘i(\'\m) "-FU (0.0)

= ltm
h hoo




Now , ‘va (0,0) = =} % | = 'an(o,o)

Poof of Fxy =Fipx i FeC

QQCM(: Mean Value Theovema D

+ X

¥ -_—>0

X+h

Tlx+h) ;‘“") o

F\‘X (0.0) ‘o e the \)o\\d’: N2 ‘quo (0o,0) = 'ng (o,o) .

L
(0.k) (h', k) (k)
g2
R
(o k )‘\ % (h, k")
o— % el
(6.0) (¥ o) Chio)

Lk - F0.0) = Fuk) - Fho) + £ho) - F(0.0)
—

——

e v elk — _?j (\ﬂ,k*) (k-o) + ’?:(HR‘O) (h-0)
W,

= [ﬂ () k4 f Wt o) h.]

> RaTuh- ok = Fy Ok - KOk

= Sy (W K) WK = £y (WK e
Stnee gy, fyx cfs 2 whew WO al (Wik) & (W) = o0)

Txy 0] = £y (0,0)



Eg. 4ovy)= € sy ¢ )

Colouwlete o\l 9,“{ ovie~ Ym—h‘c}\ dovivatives .

E_‘L‘" 'Qx = st\'v”/(} Sxx = Q*g\'v\‘g
£y = e” sy g =Fyx = exoosg
Sy = —€7 ™Y

X,

Q]W&\'.lkfio_\l) : 'qujx = 'F.‘¥|3 = -Fv*x ;f _f ¢ Cg

Recall: Tomaent line to Y=Fx) at X=Xo

‘ﬁ:'ﬁ*)
= T(Xo +'F2Xo\(x’x°)
1 Slope <
* X Tangent \ive |

—\—OMSQM*' V\O‘M o % z"‘:(yr‘é) ot (Ke.Yo)

e —

Z‘ = ’F(Km'{}o) + _Fx(xo,'a 0) (X'Xo)
——

& '\--Fj(xo,‘j.) Y-9,)

—

N /

(XQI"B“) W u §t0[?.{ o Uf +&MW+ P'o\v‘{



Last time o [Fry=Fx] F Fec®

‘\'am5%+ \7|au C}IIMA"“‘OM.

Tamo,eM'f Plaane a(’ a gvo\p\r\iml rwfacc Z‘—‘f‘“‘«‘a)

QQ'tV\/\): —?: QCR-Z — IR is wm C
fx (%e,Y0) € ).

_{—Clmﬁc/v\’f' Pl&vu? ot P

Q-’ How t +thre e%uaffo\« f +his
.(‘a“jau'f' F'au.g 7

Az = £ %, %0) + £, (0,90) (X—Xo)
}[_—3 : H +Fy <o 90 (9-9)
/ s '“;b -a;) _Q
oo (X)L The plene (K) agrees wih the 7'1"'—"6(703)

up to 15t ovde~ ot (oY)

Plo“&e: z = %(X,\g,)
Sofeser 2« F1x,9)

Hatr, 4 (Xe,Ys) = 'ﬁxo,g,)

9y (Xe,94) = Fic(%0,9.)
9‘, CXQ,‘_’,): -F? (x“o‘jo)



A How 1o dexive (%) 2

P com'ton'-\s P ohc(

oveallel to -\-}x , ond V. .
Tav‘jw'f plemt ¥ P :
NOW-’ P - (Xb,‘ﬂo ,'F(Ko,‘ﬂo))

red cane : ]/,(f) = (Xo'l‘f, "_’Jo,—f:(XD'ftvﬂo))

S: z=4x,y) / .
Tilo) = P ; W =V = (10,05

1 {
/——" Plue wane » Ya(t)= ( Xo Yot 'Jc}f(xo,%-rt)l

[
/ bfz(o) = P ¥ \(;(O) = T/tj = (O/ \/ '5:3 (Xe.\fjo)>
(

Get a wewmal vectow at P,
ﬁ = -\7:(7( ’\73

3 0k

0 'Fx - (-_‘:",-‘FV)/ I )

Ly

|
o — =l

Taujud- plewe eguation :
(X-pP).n =0
e (X =%, J-Y0,2 - ftx0,90)) *
(- 1°,<(x.,n.>,-f,<xe,3,>, 1) =°

— Fx (Ke,Y0) (x- ¥s) = fy (x99 (Y %) + 2 - fixe 9 =0

2 = Ttxe,90) + fi (X5Yy.) (X-%0)

(%)
X9 (99,)

-604«5‘,&\‘(’ Fl&”e e P



E x Ol\MIu . F\'V\A e Q,ccuah‘o\« of the ‘i’awje,vd' Plo.wg ~for

2= X+y"  at (Lo, 1)

S;lu‘('\b“: Cleek: @ 2= Kl-kgzz'- Fix,v) gkﬁph"cc.l Wwfnc—e of ¥

@ P=ClLo,1) Ifes on +he owface
(l‘e [: lz+oz \/>

NOW, (Xo.‘oo) = (|,o) ond we know

Equ : 2 = Pixayo) + £, (xe,90y X X0+ f500,90) (Y9,)
2
fxy) = X+ " Pllo) = |
£ = 2x = fxloy) =2
= 2 £500) =0
= 2 = | +2(X=1)+0.(Y-0)
e, Z = [ +2(x-1)

(e [2)(-2:?\

APV"\C—C"(-‘.O“S ( M/ Max Pm\plems>

Q_f GQiven 'f-‘ QQIRZ——%IR , how do we fimd

Hao \\(Mc.xiMuw\"ﬁ Um"vu'MuM“ ( extrevaum) of + 3

5 R —
/Wlm(/mm + (xrY)
"

i )




DQ{Z’ 2 A \)0;\1\‘(' ;(Jo ¢ Q 'S sard +o be

c a [ocal woximum o £ if ‘f(;(:)a F(%)
V e 1N B (%) forsme &

© a _gloval b ORI m oAf + F ‘ﬁ;(;)a'F(i') VR e R

Note : T some cases, ymm /max §  do nst exist .

(IP) : boad examples .
Y=e®

—_—] 7 ) / |

- =
e < . >

— -7
] “/L g
: =fx)
no min/max ( l
m " W\M/MA" ’ We W\fl\/hr\ax :
V‘t(’/l’\/‘l s W I »
LAE $
oy ) 2 £ s et cfs
o L/‘V\/

%

)
\/\/\/\—/ %% pem

Extreme Value Theovewa . o ] el

I—f -F: L= R s a contivuwous ’F“MC‘h'OV\ — dick
@ ® "
& bounded and closed Q c R '
thon te v/ mex of £ exist

Q(obal iy /max pls.




F\.\(?* VQY\'va-h've Test —f = 'f(x‘tj)
I'S: ) Qoeﬂ is aw M\?O(mi‘

(ie. A €50, st B (%)< €2)

o= N
(2) s 1S «q lOCa\ Mmin [max Gy 'F

e £: SL— R s iw c'

bz _
L5 | K%)= 0 = Fy (RN
oll Hee (ST ovder Fav'h‘a\l deyvatives vanish at )'Z;
Nite: «= Is false ! ID- example: Y = fix) =X>, Xo=0
R

fs) =0
not (ocal w«ax/wu'n

] (wﬂ_q_c'h‘ov\ Y(‘ 7

DCF": : A'V\ imte nor P'(' -)-(J(,(—Q IS a cat cal Po\‘n‘f O'F "F
F ey () £ does not have fivst portial demvative at Xo

(;e evtirey 'Fx(KO,‘ju) ov -%(i(v,‘go) (LQQJ V\Sr

- exist >
ov () \—FX(XQ,‘Q,) =0 = .F,(x°.m
P .
1D - example: ‘j-:‘ﬁx):l)d.
£ i
1\ : , v : \
; O 1§ a wmwn but wst d\f(erw+:al;Le.

| ; o at 0

| i

o I
-\ o \ |




Obsene: Goal: tamfumax £ xy)
< / S?o

\ SZ; §20L oand is a evitieal pt.

¢ 902
+He mimlmex .;a‘ ¢l

n - » 2
Xawple A ind +he mnimuna of ‘f(xtg) = Xz+‘0 49y +9 om D':'Rz

min - v y)

R*

Obcewetions : (1) £ s c' om R’
G) D= § =) evem pt G5 intewor .

= Tue min. (f it exists) must be a critical point

@_ﬁ Whaore ave Hae witcal poiuts ?
e (Xe,Yo) €S st {’fx(x.\.‘jo)-’—'o
%(Xmﬂd:o
£ = X¥yY -ty ]
’px =2x =0 X =0 _
= 5 is e only
fy =29-4% =o 3= Salutron

= | ety cal Pu\\\'f (XO.‘OO) = (O’l)

Q: Is (%9s) = (0,2) & (ocal min [ max 7
—9=x2+|gz—‘+y+a| , (%,9) 500 = £ 400
7

0xX+Y - 0o

> (0,2) is a mwan vmiimaum
it L(o,2) = 3-8 +9 -;5'*
[See: T= x4+ -2)+5 > 5 ]



Exampu_ R VHO(X/WHV\ 'F whinne R s a rvectansle (C(nr—u‘,)
R v
R x(o,z) @lb\aaL Wi
N_“_f{’ R dosed + bdd = w\ax/wni«'f- AR
exist . 7—"‘1 \ I 2 %

lmfw-? = £ at (0,2)
R

2
sfwe 1 Is @ 3‘)0‘7&‘ MMM LA R OW R oR

' Wlhiat about the maxmmum 2

\A

Ov‘lvj | critceal ?+ 0,2) wn tw temor , Warch 15 4 wvan .

> Ko mex pt e oK

O _F (| D 'vabl—“‘v\ ,,’
aR -
oR 3 __ L= onLi: $(=1,9)=9-%g 10
- ] N Ex :
Ly 3 Mmex “¥v +( = ( ::j'
oi \,lk Ye 03] (tj ’ O)
(

On La: $(x,3)= X" +6

max Gx0) = ()

Xe (1,1

On Lzt £e1,y)= 9%y 410
Sawme ay L M ax @

On Le Fix,0) = x=9

Mex (x+9 ) -_-@

XG (1)

Mmax —= IO achigrved ot (‘llc) ond ('l¢°) .



E\(Wﬁnphz C - mox [t ‘F Whare D= clized wunmyt dick
D

“@>
;F(OIZ)

' D
gg_l.' Theve is Mo cntieal pts m He KK
mbvior 3f D kr—/’/' -
So, wmiw/mex ¥ € oD.

Use Polav coovdmates : oD = { (r,e) l y=1 7)

‘F: Kl'l"oz"‘l’tj-{-ﬁ

= (‘FCOS9)I+ (Yﬂ'u&)z—' (P(Yffue)-{—?
£r9) = X by s + 9 (in polar coovd.)
On oD, ¥-= \,

'F(‘,G)= |~ &sm0 «9 = 10- 45su@ .

W\\‘M/IMAX ((0 - ‘(’Si‘n@ ;\ VS W“"‘/‘M‘X Xz-(-'j.‘—q'j'f- 3
® = X4y

STk ‘Sv’he | < |

T
min ho\”,w) wham SO = l p o= i
ma¥ L\G\'ly,wg whan SWB = — | . OF 3—12—’— .

--vvxm—(:—_;é at (0,1) N

maxf =14 at (o,-1) . @
D




